Let a® +b® +c® = 3, wherea,b,c > 0.
(a) Provethefollowings:

(i) a+b+c2££,

(i) gsa2+b2+c3s3«/§.

(b) Provethat(a®+b®)® < (a® +b*)>.
Hence or otherwise deducethat
a*+b*+c*<9

Hint : For(b), youmayusetheidentityfor all realc,
9-c*)? - (3-¢?)’ =(c* -3)*(c* +1)(c” +6)
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Equality occurs only whema =b = > andc= \/;
Alternative Solutions (1)
at+b+c’=a(l-a)+b(l-b)+3
2 2
s(a”_a} +(b+1‘bj ‘3 (AM.2G.M.)
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Alternative Solutions (2)
Rewriteit as:

a2 +b? + 1> a+h
2
A.M.-G.M. gives:
(a® +b?) +%2 J2(a®+b?*) =a+b

so it's done.
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(ii) a’+b”>+c®=c*-c*+3

7—7sa2+b2+c3 -

(3c +1)(3c — 2)* = 0 whichis obviouslytrue.

Equalityholdsa® +b” = %% andc = g

a?+b2+c°<3/3 =

c?(c-1)<3/3-3

Sincea,b,c= 0,c<+/3,

Whenc <1,

c?(c-1)<0<3/3-3.

Whenc=>1,

c’(c-1< 3(\/5 -1 = 3/3-3 Equalityholdsa=b =0andc = J3.
Alter native Solutions

a?+b?+c®=3-c?+c®,0<c<+/3.

Let f(x)=3-x% +x°, f'(x) = —2x + 3x? = x(3x - 2) for 0< x< /3.

f (é)is theabsoluteminimumand f (\/§)is theabsolutamaximum.

f(%)sf(c)sf(ﬁ)

gsa2 +b? +c®<3J3
(b) It is equivalent to proving
3a’b* +3a’b® = 2a’p’
or,
3a® +3b° = 2ab
andby AM.-G.M.,
a® +b*>2ab
sotheinequalityis truewith equalityfora=0,b=0,a=b =0.

Sincea® +b® < /(a +b?)® =/3-c?)?
sowe justneedto provethat
(9-c*)?=(B-c?)’

= (c®=3)*(c* +1)(c*+6) =0

clear trueEqualityholdsa =b = 0andc = V3.



Alternative Solutions (by bearwing)
 (9-c")?=2(@-c?)’=(a’ +b’)? and9-c* = Ogives
L ad+b3+ct <9




